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Abstract
LetM(m, n) be theminimumnumber of comparators which constructs an (m, n)-merging network.
Batcher’s odd–evenmerge, which is amerging network constructed by his algorithm, provides the best
upper bound for M(m, n) to date. Recently Iwata (Inform. and Comput. 168 (2001) 187) analyzed
the property of leftmost comparators, and showed M(m1 + m2, n)(M(m1, n) + M(m2, n) +
m1 +m2 + n− 2)/2. We extend Iwata’s proofs and show that Batcher’s (6, 8k+ 7)-, (9, 16k+ 9)-,
(7, 8)-merging networks are optimal for all k0.
In Batcher’s (m, n)-merging network, the ith smallest element out of m elements and another
ith smallest element out of n elements are ﬁrst compared for all i (1 i min{m, n}). Under an
assumption of existence of such min{m, n} comparators in optimal (m, n)-merging networks, we
show thatM(n, n)=M(n− 1, n)+ 1=M(n− 2, n)+ 3.
© 2004 Elsevier B.V. All rights reserved.
Keywords:Merging network; Comparator; Odd–even merge; Lower bound; Sorting network
1. Introduction
An (m, n)-merging network [5, p. 230] is a sorting network which merges m elements
x1x2 · · · xm with n elements y1y2 · · · yn to form the sorted sequence 〈z1, z2,
. . . , zm+n〉, z1z2 · · · zm+n. The network contains comparators.A comparator is itself
a (1, 1)-merging network. Batcher proposed an odd–even merge [3] (see [5, pp. 223–224])
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to construct an (m, n)-merging network. Let C(m, n) be the number of comparators used
in Batcher’s (m, n)-merging network. C(m, n) is given [5, p. 224] by
C(m, n) =
{
mn (mn1),
C
(⌈
m
2
⌉
,
⌈
n
2
⌉)+ C (⌊m2 ⌋ , ⌊n2⌋)+ ⌊m+n−12 ⌋ (mn > 1). (1)
LetM(m, n) be theminimumnumber of comparators needed in an (m, n)-merging network.
Obviously C(m, n)M(m, n).
Yao and Yao [7] proved M(2, n) = C(2, n) = 3n/2. Aigner and Schwartzkopf [1]
proved M(3, n) = C(3, n) = (7n + 3)/4. Miltersen et al. [6] showed an asymptotic
boundM(m, n)((m+ n) log2(m+ 1)−m log2 e)/2. Iwata [4] showed a lower bound:
M(m1 +m2, n)
⌈ 1
2 {M(m1, n)+M(m2, n)+m1 +m2 + n− 2}
⌉
. (2)
He proved thatM(4, n) = C(4, n), where n ≡ 0, 1, 3mod 4 andM(5, n) = C(5, n), where
n ≡ 0, 1, 5mod 8. He further proved that M(6, 8k + 6) = C(6, 8k + 6), M(7, 8k + 7) =
C(7, 8k+7), andM(8, 8k+8) = C(8, 8k+8) for k0.Byuse of the lower bound, he solved
an open problemposed byYao andYao [7]: limn→∞M(m, n)/n = log m/2+m/2log m.
Recently,Amano andMaruoka [2] establishedM(4, 4k+2) = C(4, 4k+2), and the result,
together with the previous ones, gives the optimality of Batcher’s (m, n)-merging network
for m4.
In [4], some exact bounds are obtained by applying Eq. (2) directly, or by applying Eq. (2)
with simple observations that some optimal merging networks do not have any comparator
in a particular position. His proof was simple and could be applied to the limited cases where
an optimal merging network does not contain a common comparator in both its two optimal
merging subnetworks. By extending his proof method, we will improve his results and show
thatM(6, 8k+7) = C(6, 8k+7) = 18k+20,M(9, 16k+9) = C(9, 16k+9) = 41k+30
for all k0, andM(7, 8) = C(7, 8) = 24.We analyze the position of common comparators
of two merging networks in detail, where the two networks are contained in one merging
network. These techniques can be used where Eq. (2) gives lower bounds that are one less
than the upper bounds given by Eq. (1). Arguments described both in [4] and in this paper,
such as the consideration of numbers of common comparators on the fringes of twomerging
networks, are thought to be limits to obtain further new lower bounds. Table 1 shows some
of the exact bounds and the best lower/upper bounds onM(m, n), where boldface numbers
are exact bounds which are obtained in this paper.
We derive equalities on M(m, n) under a conjecture that for all m, n1 there is an
optimal (m, n)-merging network which has a comparator between the ith smallest element
out of m elements and another ith smallest element out of n elements, and the two elements
are ﬁrst compared in the network for all i (1 i min{m, n}). EquationM(n, n) = M(n−
1, n) + 1 = M(n − 2, n) + 3 is derived under the conjecture. The equation is still open
without the conjecture.
A comparator network [5, p. 221] is constructed by horizontal lines, and by comparators
which connect two different lines. We say that a horizontal line of an input element xi (yj )
is input line xi (input line yj ) in an (m, n)-merging network, for 1 im (1jn). The
notation ↑ a denotes one of the lines above line a, and ↓ a one of the lines below a. The
input line xi (yj ) is always placed above the input line xi+1 (yj+1) for 1 i < m (1j<n,
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Table 1
Exact bounds and best lower/upper bounds
n
m 5 6 7 8 9 · · · 15 · · · 23 24 25 · · ·
5 13 16 17/18 20 22 · · · 34/35 · · · 51/52 54 56 · · ·
6 17 20 21/22 24/25 · · · 38 · · · 56 57/58 60/61 · · ·
7 21 24 26/27 · · · 40 · · · 59 61/62 64/65 · · ·
8 25 28/29 · · · 43/44 · · · 63/64 65 68/69 · · ·
9 30 · · · 44/47 · · · 65/68 67/70 71 · · ·
a
b
d
a
db
 
 
min {d
a
, d b}
{d
a
, d b}max
•
•
Fig. 1. A comparator [a : b].
respectively) in an (m, n)-merging network. We can place input lines x1, x2, . . . , xm of an
(m, n)-merging network interspersedwithin input lines y1, y2, . . . , yn. For any twomerging
networks with differently interspersed input lines, there is a transformation from an (m, n)-
merging network into another (m, n)-merging network which preserves the number of
comparators used, by the algorithm in [5, Exercise 16, p. 238]. A comparator connects
any two different horizontal lines. Assume that a comparator connects line a with line b,
where line a is above line b. We denote this comparator by [a : b]. Line a is called upper
endline and line b lower endline of the comparator. See Fig. 1. We say that the comparator
is downward (upward) with respect to line a (line b). Assume that the input value of the
comparator is da (db) as in the ﬁgure; then the output of the upper (lower) endline of the
comparator is min{da, db} (max{da, db}, respectively), unless otherwise stated. Suppose
that two comparators  and  are connected with a same line. If  is located to the left of
, we write  ≺ . If a comparator never exchanges elements for all inputs, we say the
comparator is redundant. Suppose that comparator  is connected to line a. If there is no
comparator  which connects with line a such that  ≺ , then  is called leftmost with
respect to line a. If  = [a : b] is leftmost with respect both to line a and to line b, then we
simply say that  is leftmost.
A level of a comparator  in a network is given by
Lv() =
{
1 if there is no comparator  such that  ≺ ,
1+max
≺
Lv() otherwise.
If all of the comparators in the network N are 1, 2, . . . , k,Lv(i )Lv(i+1), then we
call 12 · · · k a comparator sequence of N. A size of the network N, written |N |, is the
number of comparators which N contains. An (m, n)-merging network is optimal if the
network consists ofM(m, n) comparators. A subnetwork of a given network N consists of
a set P of adjacent lines in N with the set of all comparators which connect two lines in P.
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Fig. 2. (2, 3)-merging networks.
2. Preliminaries
In this section, we show three lemmas that we use in the next section. The ﬁrst two
lemmas are on basic properties of merging networks, and the last one is on the number of
comparators connecting two consecutive lines at the top of optimal merging networks.
The ﬁrst lemma insists that both input lines and comparators of an (m, n)-merging net-
work are repositioned, where the two kinds of input lines are inverted and the comparators
are a ‘mirror image’ of the original network, then the resultant network is also an (m, n)-
merging network.
Lemma 1. Let N be an (m, n)-merging network consisting of input lines x1, x2, . . . , xm,
y1, y2, . . . , yn. For our convenience, we put up = xp (1pm), and um+q = yq
(1qn). Suppose that N contains k comparators, and that the comparator sequence
of N is [ui1 : uj1 ][ui2 : uj2 ] · · · [uik : ujk ] (1 i < jm + n, 1k). Consider a
network N ′ consisting of input lines y1, y2, . . . , yn, x1, x2, . . . , xm. For our convenience,
we put vq = yq (1qn), vn+p = xp (1pm), and put z = m + n + 1. If a com-
parator sequence of N ′ is [vz−j1 : vz−i1 ][vz−j2 : vz−i2 ] · · · [vz−jk : vz−ik ], then N ′ is an
(m, n)-merging network.
Example. Fig. 2(a) shows a (2, 3)-merging network. A network Fig. 2(b) is constructed
by the method of Lemma 1, where the position of the input lines are inverted and the
comparators are a mirror image of the merging network of Fig. 2(a).
The network Fig. 2(b) is also a (2, 3)-merging network.
Proof of Lemma 1 (Outline). Let N be an (m, n)-merging network, where input lines are
x1, . . . , xm, y1, . . . , yn. Let us assume for a while in this proof that (1) input 〈x1, . . . ,
xm, y1, . . . , yn〉 is given to N which satisﬁes xixi+1, (1 i < m), yjyj+1, (1j <
n), and (2) each comparator in N has ‘reverse’ output values as are shown in Fig. 3(a).
Then N sorts m and n elements, where the output satisﬁes z1z2 · · · zm+n.
Now construct network N1, where the input lines are yn, . . . , y1, xm, . . . , x1, and all the
comparators of N1 are replaced and are a mirror image of N. (Consider N as a network of
Fig. 2(a). ThenN1 will be the one in Fig. 3(b).) If the input 〈yn, . . . , y1, xm, . . . , x1〉 is given
to N1 which satisﬁes yn · · · y1, xm · · · x1, and if the comparators are the normal
ones as shown in Fig. 1, then the output 〈z1, . . . , zm+n〉 of N1 will satisfy z1 · · · zm+n.
Then we rename the input lines as y1, . . . , yn, x1, . . . , xm, the resultant networkN ′ satisﬁes
the statement of the lemma. (N ′ is shown in Fig. 2(b), respectively.) 
G. Morohashi, S. Iwata / Theoretical Computer Science 329 (2004) 237–250 241
u
v  
 max{u,v}
min{u,v}(a)
 
 
 
  
 
 
 
 
 
x1 z5
x2 z4
y1 z3
y2 z2
y3 z1
(b)
•
•
•
•
•
•
•
•
•
• •
•
Fig. 3. (a) reverse comparator, (b) N1.
Lemma 2. Suppose that N is a network consisting of lines x1, x2, . . . , xm1 , y1, y2, . . . , yn,
xm1+1, xm1+2, . . . , xm1+m2 . LetN1 be a subnetwork of N which consists of lines x1, x2, . . . ,
xm1 , y1, y2, . . . , yn, and let N2 be a subnetwork which consists of lines y1, y2, . . . , yn,
xm1+1, xm1+2, . . . , xm1+m2 . Then N is an (m1 +m2, n)-merging network if and only if (1)
N1 is an (m1, n)-merging network and (2) N2 is an (m2, n)-merging network.
Proof. (Only if) Obvious.
(If) Let 〈x1, x2, . . . , xm1 , y1, y2, . . . , yn, xm1+1, xm1+2, . . . , xm1+m2〉 be an input to N.
Case 1: xm1y1. The input element yi does not move up to the lines x1, . . . , xm1 for
all i (1 in). Thus, the input elements are exchanged by the comparators which are
contained in N2. By the assumption that N2 is an (m2, n)-merging network, N merges the
input.
Case 2: ynxm1+1. This case can similarly be proved as Case 1.
Case 3: y1 < xm1 and xm1+1 < yn. There is an integer k which satisﬁes yk < xm1+1
and xm1 < yk+1. The input element yi (1 ik) does not move down to the lines
yk+1, . . . , yn, xm1+1, . . . , xm1+m2 , and the input element yi (k+1 in) does notmove up
to the lines x1, . . . , xm1 , y1, . . . , yk . Thus, no exchange of elements occurs between the input
lines yk and yk+1, nor across these lines. Since the input elements x1, . . . , xm1 , y1, . . . , yk
are merged byN1, and since the elements yk+1, . . . , yn, xm1+1, . . . , xm1+m2 are merged by
N2, N is an (m1 +m2, n)-merging network.
N merges the input for all cases. Hence N is an (m1 +m2, n)-merging network. 
Lemma 3. The following holds:
(1) Every optimal (2, 5)-merging network which consists of lines x1, x2, y1, y2, . . . , y5
contains at most one comparator of the form [x1 : x2].
(2) Every optimal (2, 4)-merging network which consists of lines x1, x2, y1, . . . , y4 does
not contain a comparator of the form [x1 : x2].
Proof. Let N1 be an optimal (2, 5)-merging network which consists of lines x1, x2, y6,
y7, . . . , y10. Assume that N1 contains two comparators of the form [x1 : x2]. By Yao and
Yao [7],M(2, 5) = 8. Let 12 · · · 8 be a comparator sequence ofN1, and assume that both
i and j (i < j) are of the same form [x1 : x2]. By the proof of Lemma 1, we can construct
an optimal (2, 5)-merging network N2 which consists of lines y1, y2, . . . , y5, x1, x2 with
a comparator sequence 12 · · ·8, and N2 contains two comparators i ,j of the form
[x1 : x2].
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Fig. 4. A (2, 10)-merging network N.
Weconstruct a (2, 10)-mergingnetworkwhich consists of linesy1, y2, . . . , y5, x1, x2, y6,
y7, . . . , y10. See Fig. 4. The input lines x1 and x2 are common to both N1 and N2. Now
consider a sequence 1,1, 2,2, . . . , i−1,i−1, i (=i ), i+1,i+1, . . . , j−1,j−1,
j (= j ), j+1,j+1, . . . , 8,8. Note that the sequence consists of 14 comparators. If
the sequence is the comparator sequence ofN, then by Lemma 2,N is a (2, 10)-merging net-
work, which consists of 14 comparators. However,M(2, 10) = 15 byYao andYao [7]—a
contradiction.
In case thatN1 containsmore than three comparators of the form [x1 : x2], it can similarly
be proved. Thus we have proved the ﬁrst half of the lemma.
We can similarly prove the second part of this lemma. 
3. Results on exact bounds
In this sectionwe give some exact bounds: Batcher’s (6, 8k+7)-, (9, 16k+9)-, and (7, 8)-
merging networks are optimal. The proofs are based on [4], however more complicated
analysis is made on the number of comparators, which are contained in two subnetworks
of a merging network. The following lemma is used to prove Theorem 1.
Lemma 4. Every optimal (2, 2k+1)-mergingnetworkwhich consists of linesx1, x2, y1, y2,
. . . , y2k+1 contains at most one comparator of the form [y2k : y2k+1] for k1.
Proof. LetN be an optimal (2, 2k+1)-merging network which consists of lines x1, x2, y1,
y2, . . . , y2k+1. The size of N is M(2, 2k + 1) = 3k + 2 by Yao and Yao [7]. Let Nˆ be a
subnetwork of N consisting of lines x1, x2, y1, y2, . . . , y2k . Nˆ behaves as a (2, 2k)-merging
network. Assume that N contains more than three comparators of the form [y2k : y2k+1].
Then Nˆ contains at most 3k − 1 comparators. However M(2, 2k) = 3k by Yao and Yao
[7]—a contradiction.
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Fig. 6. A (6, 8k + 7)-merging network N.
Now assume that N contains two comparators i , j , i ≺ j , both of the form [y2k :
y2k+1]. Since Nˆ contains at most 3k comparators, only two comparators i and j are
connected to the input line y2k+1. Suppose that i is the leftmost comparator with respect
to line y2k . i compares the input elements y2k and y2k+1. Every input for N satisﬁes
y2k < y2k+1, hence i is redundant. An optimal merging network N contains the redundant
comparator i—a contradiction. Therefore,N contains s which is a comparator of the form
[↑ y2k : y2k], and satisﬁes s ≺ i . Also, N contains t of the form [↑ y2k : y2k], which
satisﬁes i ≺ t ≺ j , so that j will not be redundant. See Fig. 5.A subnetwork ofNwhich
consists of lines x1, x2, y1, . . . , y2k−1, behaves like a (2, 2k− 1)-merging network, and the
subnetwork contains at most 3k − 2 comparators. By Yao and Yao [7] M(2, 2k − 1) =
3k − 1—a contradiction. Thus, N does not contain more than two comparators of the form
[y2k : y2k+1]. 
Theorem 1. For all k0,M(6, 8k + 7) = 18k + 20.
Proof. C(6, 8k + 7) = 18k + 20 by Eq. (1). By setting m1 = 2 and m2 = 4 in Eq.
(2), we obtain M(6, 8k + 7)18k + 19. For a contradictory discussion, we assume that
M(6, 8k + 7) = 18k + 19. Let N be an optimal (6, 8k + 7)-merging network consisting
of lines x1, x2, y1, y2, . . . , y8k+7, x3, . . . , x6. See Fig. 6. Let NA (NB ) be a subnetwork
of N which consists of lines x1, x2, y1 (y8k+7, x3, . . . , x6, respectively). Then NA behaves
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Fig. 7. The subnetwork N ′
B
.
like a (1, 2)-merging network, and NB does like a (1, 4)-merging network. Assume that
NU (ND) is a set of upward (downward, respectively) leftmost comparators with respect
to lines y2, y3, . . . , y8k+6. Note that |NU | + |ND| = 8k + 5. Let A(B) be a network after
removing the comparators of NB and of ND (of NA and of NU , respectively) from N.
By Iwata [4, Lemma 2.2], A(B) behaves like (2, 8k + 7)-merging network ((4, 8k + 7)-
merging network), and |A| = |N | − |NB | − |ND|M(2, 8k + 7) = 12k + 11 [7] (|B| =
|N |− |NA|− |NU |M(4, 8k+7) = 16k+16 [4], respectively).Also |NA|M(1, 2) = 2
and |NB |M(1, 4) = 4. Thus, 2|N | |A|+ |B|+ |NA|+ |NB |+ |NU |+ |ND|36k+38.
Since |N | = M(6, 8k+7) = 18k+19 by our assumption, we obtain that |A| = M(2, 8k+
7), |B| = M(4, 8k + 7), |NA| = 2, |NB | = 4, |NU | = 2k + 1 and |ND| = 6k + 4.
Therefore all the comparators in N are contained either in A, NB or ND .
Suppose that N ′B is a subnetwork of N which consists of lines y8k+6, y8k+7, x3, . . . , x6.
Note thatN ′B is a (2, 4)-merging network, and |N ′B |M(2, 4) = 6.Assume that |N ′B | = 6.
Since |NB | = 4, there are two comparators ofN ′B which are connected to line y8k+6. Since
these two comparators do not belong to NB , they belong to A or to ND . At most one of
these comparators belongs to ND , which is downward leftmost comparator with respect to
line y8k+6. Thus there is at least one comparator of the form [y8k+6 : y8k+7], which belongs
both to A and to N ′B . Since N ′B is an optimal (2, 4)-merging network, N ′B does not contain[y8k+6 : y8k+7] by Lemma 3(2)—a contradiction.
Hence |N ′B |7. Since |NB | = 4, N ′B contains at least three comparators of which upper
endlines connect with line y8k+6. See Fig. 7. By a similar previous discussion, at least two
comparators of the form [y8k+6 : y8k+7] are contained both in N ′B and in A. The optimal
(2, 8k+7)-merging networkA contains at most one comparator of the form [y8k+6 : y8k+7]
by Lemma 4—a contradiction.
We obtain contradictions for both cases |N ′B | = 6 and |N ′B |7. Thus M(6, 8k + 7) =
18k + 19, henceM(6, 8k + 7) = 18k + 20. 
Theorem 2. For all k0,M(9, 16k + 9) = 41k + 30.
Proof. By Eq. (1) and by putting m1 = 4 and m2 = 5 in Eq. (2), we obtain 41k +
29M(9, 16k + 9)C(9, 16k + 9) = 41k + 30. For a contradictory discussion, we
assume that M(9, 16k + 9) = 41k + 29. Let N be an optimal (9, 16k + 9)-merging net-
work which consists of lines x1, . . . , x4, y1, . . . , y16k+9, x5, . . . , x9. See Fig. 8. Let NA
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Fig. 8. A (9, 16k + 9)-merging network N.
(NB ) be a subnetwork of N which consists of the top ﬁve lines (bottom six lines). Then
NA(NB ) behaves as a (1, 4)-merging network ((1, 5)-merging network, respectively). As-
sume that NU (ND) is a set of upward (downward, respectively) leftmost comparators
with respect to lines y2, y3, . . . , y16k+8. Note that |NU | + |ND| = 16k + 7. Let A(B)
be a network after removing the comparators of NB and of ND (of NA and of NU , re-
spectively) from N. Then A(B) behaves like (4, 16k + 9)-merging network ((5, 16k + 9)-
merging network), and |A| = |N | − |NB | − |ND|M(4, 16k + 9) = 32k + 20 [4] (|B| =
|N |−|NA|−|NU |M(5, 16k+9) = 34k+22 [4], respectively).Also |NA|M(1, 4) = 4
and |NB |M(1, 5) = 5. Then 2|N | |A|+ |B|+ |NA|+ |NB |+ |NU |+ |ND|82k+58.
Since N is an optimal (9, 16k + 9)-merging network, |N | = M(9, 16k + 9) = 41k + 29.
Thuswe obtain |A| = M(4, 16k+9), |B| = M(5, 16k+9), |NA| = 4, |NB | = 5, |NU | =
7k + 3 and |ND| = 9k + 4. Therefore all the comparators in N are contained either in A,
NB or ND .
Let N ′B be a subnetwork of N which consists of lines y16k+8, y16k+9, x5, . . . , x9. Note
that N ′B is a (2, 5)-merging network, and |N ′B |M(2, 5) = 8. Assume that N ′B is optimal.
Since |NB | = 5, there are three comparators which are connected to the line y16k+8.At most
one of these comparators belongs to ND , which is downward leftmost with respect to line
y16k+8. Thus there are at least two comparators of the form [y16k+8 : y16k+9], which belong
both to A and to N ′B . Since N ′B is an optimal (2, 5)-merging network, N ′B does not contain
more than two comparators of the form [y16k+8 : y16k+9] by Lemma 3(1)—a contradiction.
Now assume that |N ′B | = 9. Let Aˆ be a subnetwork of A which consists of lines
x1, . . . , x4, y1, . . . , y16k+8. Since |NB | = 5, there are four comparators connecting to
line y16k+8, at most one of which may belong to ND . Thus, there are at least three com-
parators i , j , k, i ≺ j ≺ k of the form [y16k+8 : y16k+9], which belong both to
A and to N ′B . Now consider the optimal (4, 16k + 9)-merging network A. Since |A| =
32k + 20 and |Aˆ|M(4, 18k + 8) = 32k + 17 by Iwata [4], three comparators i , j and
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Fig. 9. A position of comparators i , j , k, s , t .
k in A are connected to line y16k+9. A contains a comparator s of the form [↑ y16k+8 :
y16k+8] which satisﬁes i ≺ s ≺ j . If A does not contain s , j would be redun-
dant, which contradicts the optimality of A. Also A contains a comparator t of the form
[↑ y16k+8 : y16k+8] which satisﬁes j ≺ t ≺ k . See Fig. 9. Thus a subnetwork of A con-
sisting of lines x1, . . . , x4, y1, . . . , y16k+7 contains at most 32k+15 comparators. However
M(4, 16k + 7) = 32k + 16 by Iwata [4]—a contradiction.
In case |N ′B |10, by a similar discussion as above, we can conclude that Aˆ contains at
most 32k+16 < M(4, 16k+8) comparators—a contradiction. ThereforeM(9, 16k+9) =
41k + 29, henceM(9, 16k + 9) = 41k + 30. 
Lemma 5 (Iwata [4, Lemma 3.1]). Anyoptimal (2, 2k)-mergingnetwork consistingof lines
x1, x2, y1, y2, . . . , y2k does not contain a comparator of the form [y2k−1 : y2k] for k1.
Theorem 3. M(7, 8) = 24.
Proof. By Eq. (1), C(7, 8) = 24. By settingm1 = 2 andm2 = 5 in Eq. (2), we obtain that
M(7, 8)23. For a contradictory discussion, we assume that M(7, 8) = 23. Let N be an
optimal (7, 8)-merging network consisting of lines x1, x2, y1, y2, . . . , y8, x3, . . . , x7. See
Fig. 10. LetNA (NB ) be a subnetwork ofNwhich consists of lines x1, x2, y1 (y8, x3, . . . , x7,
respectively). Then NA behaves like a (1, 2)-merging network, and NB does like a (1, 5)-
merging network. Assume that NU (ND) is a set of upward (downward, respectively) left-
most comparators with respect to lines y2, y3, . . . , y7. Note that |NU | + |ND| = 6. Let
A(B) be a network after removing the comparators of NB and of ND (of NA and of NU ,
respectively), and another comparators of which lower endlines are x3, x4, x5, x6 or x7
(comparators of which upper endlines are x1 or x2, respectively) from N. Then A(B) be-
haves like (2, 8)-merging network ((5, 8)-merging network), and |A|M(2, 8) = 12 [7]
(|B|M(5, 8) = 20 [4], respectively). Also |NA|M(1, 2) = 2 and |NB |M(1, 5) = 5.
Note that |N | |A| + |NB | + |ND|, and that |N | |B| + |NA| + |NU |. Then 2|N | |A| +
|B|+|NA|+|NB |+|NU |+|ND|45. If |NU |2, then |N | |B|+|NA|+|NU |24, and
it contradicts our assumption that |N | = M(7, 8) = 23. Thus |NU |1. Let N ′B be a sub-
network of N which consists of lines y7, y8, x3, . . . , x7. N ′B behaves like a (2, 5)-merging
network.
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Fig. 10. A (7, 8)-merging network N.
The value |NU | decides the sizes of the subnetworks A,B,NA,NB . We consider two
cases: |NU | = 0, and |NU | = 1. The latter case is further divided to two cases depending
on the sizes of A and NB . If |A| = 12 (that is, A is optimal (2, 8)-merging network), then A
does not contain [y7 : y8] by Lemma 5. In Case 1, and in Subcase 2.1 below, we obtain that
|A| = 12 and that both A and N ′B contain [y7 : y8], which causes contradiction by Lemma
5. In Subcase 2.2, we consider the case |A| = 13.
Case 1: |NU | = 0. Then |ND| = 6. Since |N | |A| + |NB | + |ND|23, we obtain that
|A| = 12 and |NB | = 5. Hence all the comparators in N belong either to A, to NB or to
ND . Note that |N ′B |M(2, 5) = 8. Since |NB | = 5, there are at least three comparators in
N ′B which are connected to the line y7. At most one comparator belongs to ND , thus there
are at least two comparators of the form [y7 : y8], which belong both to A and to N ′B—a
contradiction.
Case 2: |NU | = 1. Then |ND| = 5.We obtain that |A| + |NB | |N | − |ND| = 18. Since
|A|12 and |NB |5, we obtain that 12 |A|13 and 5 |NB |6.
Subcase 2.1: |A| = 12.
Subcase 2.1.1: |NB | = 5. There is one comparator which does not belong either to A,
to NB or to ND . By |N ′B |8, there are at least three comparators which are connected to
line y7 inN ′B . Among the three comparators, at most one comparator belongs toND , and at
least one comparator belongs to A. Therefore, there is at least one comparator of the form
[y7 : y8] which belongs both to A and to N ′B—a contradiction.
Subcase 2.1.2: |NB | = 6. Since |A|+|NB |+|ND| = 23, all the comparators inN belong
either to A, to NB or to ND . There are at least two comparators which are connected to the
line y7 inN ′B , since |N ′B |8. At least one of the comparators is of the form [y7 : y8] which
belongs both to A and to N ′B—a contradiction.
Subcase 2.2: |A| = 13. Then |NB | = 5, and all the comparators in N belong either to A,
to NB or to ND . Since |N ′B |8, there are at least three comparators which are connected
to the line y7 in N ′B , and at least two of them belong both to A and to N ′B . Note that the
comparatorswhich belong both toA and toN ′B are of the form [y7 : y8]. By Lemma 3(1),N ′B
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is not optimal. Therefore |N ′B |9. Then both A andN ′B contains at least three comparators
of the form [y7 : y8]. Let Aˆ be a subnetwork of A consisting of lines x1, x2, y1, . . . , y7.
Aˆ behaves like a (2, 7)-merging network. Since |A| = 13 and since A contains at least
three comparators of the form [y7 : y8], Aˆ contains at most 10 comparators. However
M(2, 7) = 11 byYao andYao [7]—a contradiction.
We have obtained contradictions in all cases. Hence M(7, 8) = 23, and the theorem is
proved. 
4. Positions of leftmost comparators
It is a well-known conjecture that odd–even merge is optimal for most, if not all, cases.
The odd–even merge ﬁrst connects lines xi and yi (1 i min{m, n}). We will show in
this section that M(n, n) = M(n − 1, n) + 1 = M(n − 2, n) + 3 under the assumption
that leftmost comparators are of forms [xi : yi], (1 i min{m, n}) in an optimal (m, n)-
merging network.
Conjecture A. For all m, n1, there is an optimal (m, n)-merging network such that
[xi : yi], (1 i min{m, n}) are leftmost comparators.
The next lemma is a slight variation from Lemma 1 by Aigner and Schwarzkopf [1].
Lemma 6. Let comparator network N consists of lines x1, . . . , xm, y1, . . . , yn, and let N
sorts n inputs
ai = 〈1, 2, . . . , m, 0, . . . , 0︸ ︷︷ ︸
n−i
, m, . . . , m︸ ︷︷ ︸
i
〉, 0 in− 1,
then it is an (m, n)-merging network.
Proof. Similar to the proof of Lemma 1 of [1]. 
Lemma 7. Under ConjectureA,M(n, n) = M(n, n− 1)+ 1.
Proof. It is clear thatM(n, n)M(n, n−1)+1.We show thatM(n, n)M(n, n−1)+1.
Let N be an optimal (n, n− 1)-merging network consisting of lines x1, x2, . . . , xn, y1, y2,
. . . , yn−1. By the conjecture, we may assume that N consists of n− 1 leftmost comparators
of forms [xi : yi], 1 in − 1, and of other comparators. See Fig. 11. Suppose that
N ′ is the comparator network consisting of N with the new bottom input line yn, and of
comparator  = [xn : yn], where  is a leftmost comparator of N ′. Note that N ′ consists of
M(n, n− 1)+ 1 comparators.
To prove that N ′ is an (n, n)-merging network, it sufﬁces to show by Lemma 6 that N ′
sorts the input ai = 〈1, 2, . . . , n, 0, . . . , 0︸ ︷︷ ︸
n−i
, n, . . . , n︸ ︷︷ ︸
i
〉 for all i (0 in−1). The n leftmost
comparators of N ′ sort a0. The inputs a1, a2, . . . , an−1 can be sorted by N ′, because the
input to the line yn is the largest element n, and the subnetwork N of N ′ is an (n, n − 1)-
merging network. Thus N ′ is an (n, n)-merging network, and the lemma is proved. 
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Fig. 11. N and N ′.
Lemma 8. Under ConjectureA,M(n, n− 1) = M(n, n− 2)+ 2.
Proof. We can show M(n, n − 1)M(n, n − 2) + 2 similarly as in the proof of the
previous lemma as follows. By Conjecture A, we may assume the existence of an optimal
(n, n − 2)-merging network N which consists of n − 2 leftmost comparators and of the
other comparators N1. Now let N ′ be the network after both comparators  and  added to
N as in Fig. 12(a). Consider n − 1 inputs ai = 〈1, 2, . . . , n, 0, . . . , 0︸ ︷︷ ︸
n−i−1
, n, . . . , n︸ ︷︷ ︸
i
〉, for each
i (0 in− 2).
By then−1 leftmost comparators [xj : yj ], 1jn−1, a0 is changed to 〈0, . . . , 0︸ ︷︷ ︸
n−1
, n, 1,
2, . . . , n − 2, n − 1〉. By N1, this is changed to 〈0, . . . , 0︸ ︷︷ ︸
n−1
, 1, 2, . . . , n − 2, n, n − 1〉. The
comparator  exchanges the last two values, and N ′ sorts a0. N sorts a1, a2, . . . , an−1,
because the subnetwork N of N ′ is an (n, n − 2)-merging network. By Lemma 6, N ′
is an (n, n − 1)-merging network, and it contains M(n, n − 2) + 2 comparators. Thus
M(n, n− 1)M(n, n− 2)+ 2.
Nowwe show thatM(n, n−1)M(n, n−2)+2. SinceM(n, n−1)M(n, n−2)+1,we
assume thatM(n, n−1) = M(n, n−2)+1 for a contradictory discussion. ByConjectureA,
there is an optimal (n, n−1)-merging networkN2 consisting of lines x1, x2, . . . , xn, y1, y2,
. . . , yn−1 such that N2 has n − 1 leftmost comprators [xj : yj ], 1jn − 1. Since
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Fig. 12. (a) N and N ′, (b) N2.
M(n, n − 1) = M(n, n − 2) + 1,  = [xn−1, yn−1] is the only comparator which is
connected to the input line yn−1 in N2. See Fig. 12(b). Now consider that the 0-1 input
〈0, . . . , 0︸ ︷︷ ︸
n−1
, 1, 0, . . . , 0︸ ︷︷ ︸
n−1
〉 is given toN2. The element 1 on the line xn can not move down to the
bottom line, andN2 can not sort this input—a contradiction. ThusM(n, n− 1)M(n, n−
2)+ 2, and the lemma is proved. 
Combining the above two lemmas, we obtain the next theorem.
Theorem 4. Under ConjectureA,M(n, n) = M(n− 1, n)+ 1 = M(n− 2, n)+ 3.
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